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a b s t r a c t
Let X,U be two Banach spaces, let Θ be a metric space and let σ be a flow on Θ . For
A ∈ `∞(Θ,B(X)) and B ∈ `∞(Θ,B(U, X)), we consider the variational discrete system
with control
(A, B) x(θ)(n+ 1) = A(σ (θ, n))x(θ)(n)+ B(σ (θ, n))u(n), ∀(θ, n) ∈ Θ × N,
where x : Θ → S(X) and u ∈ `p(N,U). We prove that if the discrete cocycle associated
with the system (A, B) is surjective and the variational discrete system (A, B) is completely
stabilizable, then (A, B) is exactly controllable. By illustrative examples we show that our
hypotheses cannot be dropped and also we study the validity of the converse implication.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The aim of this paper is to obtain a new criterion for the exact controllability of the most general variational discrete
system with control
(A, B) x(θ)(n+ 1) = A(σ (θ, n))x(θ)(n)+ B(σ (θ, n))u(n), ∀(θ, n) ∈ Θ × N,
where A ∈ `∞(Θ,B(X)), B ∈ `∞(Θ,B(U, X)) and σ is a discrete flow on a metric space Θ , in terms of a stabilizability
type property. During the last decades, the connection between stabilizability and controllabilitywas at the center of notable
studies (see [1–5]). In the autonomous framework the result stated that if A generates a C0-group and the system
[A, B] x˙(t) = Ax(t)+ Bu(t), ∀t ≥ 0
is completely stabilizable, then [A, B] is exactly controllable. This theorem was proved for the first time by Megan in [1]
for the case of Hilbert spaces, being extended for reflexive Banach spaces by Zabczyk in [4] and by Przyluski in [2]. In the
same spirit, in [3] the authors proposed a criterion of exact controllability in Hilbert spaces in terms of the invertibility of a
resolvent type operator, and consequently they deduced the relation between controllability and stabilizability. The authors
proved that if the system is generated by a semigroup of surjective operatorswhich satisfies an asymptotic assumption, then
the complete stabilizability is a sufficient condition for the exact controllability. In recent years, various connections between
stability or stabilizability and controllability were in the front-line of intensive studies (see [5–11]).
The qualitative behavior of discrete systems is a subject of large interest, having a crucial role in population dynamics, in
digital signal processing and also being applicable to problems and phenomenawhich occur in the engineering and physical
sciences (see [8–15] and the references therein). In this framework, our attention focused first on the controllability and
stabilizability of non-autonomous difference equations (see [10,11]). In the non-autonomous case, the connections between
stabilizability and controllabilitywere studied in [11], wherewe emphasized on the specific properties of systemswith non-
autonomous coefficients.
The natural question arises which are the connections between stabilizability and controllability for the general model
of variational discrete systems with control of the form (A, B) in infinite-dimensional spaces. The aim of this paper is to
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provide a complete answer to this new question. In what follows, we will present a complete study of the variational
discrete case. First, we deduce a sufficient condition for the exact controllability of variational discrete systems in terms of
the complete stabilizability. After that our methods are motivated by illustrative examples, which show that the underlying
assumptions cannot be dropped. Finally, we analyze the validity of the converse implication and point out the conclusions.
The obtained results generalize the previous published results in this topic and also offer a complete perspective concerning
the connections between stabilizability and controllability for discrete systems.
2. Controllability and stabilizability
We denote by Z the set of integers and by N the set of all non-negative integers. If V ,W are two Banach spaces, then the
norm on B(V ,W )-the Banach space of all bounded linear operators Q : V → W will be denoted by ‖ · ‖. IfW = V , then
we denoteB(V , V ) =: B(V ).
We denote by S(V ) the space of all sequences s : N → V . Let `∞(N, V ) be the space of all bounded sequences in S(V )
which is a Banach space with respect to the norm ‖s‖∞ := supn∈N ‖s(n)‖. For p ∈ [1,∞), `p(N, V ) denotes the linear space
of all s ∈ S(V )with∑∞n=0 ‖s(n)‖p <∞, which is a Banach space with the norm ‖s‖p := (∑∞n=0 ‖s(n)‖p)1/p.
If Θ is a metric space, we denote by `∞(Θ,B(V ,W )) the space of all mappings D : Θ → B(V ,W ) with ‖D‖∞ :=
supθ∈Θ ‖D(θ)‖ <∞.
Let X be a real or complex Banach space and let I denote the identity operator on X . Let (Θ, d) be a metric space, let
J ∈ {N,Z} and let σ : Θ × J → Θ be a discrete flow on Θ , i.e. σ(θ, 0) = θ and σ(θ,m + n) = σ(σ(θ,m), n), for all
(θ,m, n) ∈ Θ × J2.
Let A ∈ `∞(Θ,B(X)). We consider the system of variational difference equations
(A) x(θ)(n+ 1) = A(σ (θ, n))x(θ)(n), ∀(θ, n) ∈ Θ × N.
The discrete cocycle associated with the system (A) isΦA : Θ × N→ B(X) given by
ΦA(θ, n) =
{
A(σ (θ, n− 1)) . . . A(θ), n ∈ N∗
I, n = 0 , ∀(θ, n) ∈ Θ × N.
Remark 2.1. The discrete cocycle associated with (A) has the following properties:
(i) ΦA(θ,m+ n) = ΦA(σ (θ,m), n)ΦA(θ,m), for all (θ,m, n) ∈ Θ × N2;
(ii) ‖ΦA(θ, n)‖ ≤ eωn, for all (θ, n) ∈ Θ × N, where ω = ln ‖A‖∞.
Definition 2.1. The discrete cocycle associated with (A) is said to be surjective if for every θ ∈ Θ there is nθ ∈ N∗ such that
ΦA(θ, nθ ) is a surjective operator.
The perturbation of the system (A)with D ∈ `∞(Θ,B(X)) is given by
(A+ D) x(θ)(n+ 1) = [A(σ (θ, n))+ D(σ (θ, n))]x(θ)(n), ∀(θ, n) ∈ Θ × N.
Remark 2.2. The discrete cocycleΦA+D associated with (A+ D) satisfies the following perturbation formula:
ΦA+D(θ, n) = ΦA(θ, n)+
n∑
k=1
ΦA(σ (θ, k), n− k)D(σ (θ, k− 1))ΦA+D(θ, k− 1), ∀(θ, n) ∈ Θ × N∗.
Let U be a Banach space and let B ∈ `∞(Θ,B(U, X)). Let p ∈ [1,∞). We consider the variational control system:
(A, B) x(θ)(n+ 1) = A(σ (θ, n))x(θ)(n)+ B(σ (θ, n))u(n), ∀(θ, n) ∈ Θ × N,
where x : Θ → S(X) and u ∈ `p(N,U).
Remark 2.3. The solution of the system (A, B) has the form:
x(θ)(n) = ΦA(θ, n)x(θ)(0)+
n∑
k=1
ΦA(σ (θ, k), n− k)B(σ (θ, k− 1))u(k− 1), ∀(θ, n) ∈ Θ × N∗.
Definition 2.2. The variational control system (A, B) is said to be exactly controllable if for every θ ∈ Θ there exists nθ ∈ N∗
such that for every x0, x1 ∈ X there exists u ∈ `p(N,U) such that x(θ)(0) = x0 and x(θ)(nθ ) = x1.
Remark 2.4. For every (θ, n) ∈ Θ × N∗, we consider the operator
Cθ,n(A,B) : `p(N,U)→ X, Cθ,n(A,B)u :=
n∑
k=1
ΦA(σ (θ, k), n− k)B(σ (θ, k− 1))u(k− 1).
Then, the system (A, B) is exactly controllable if and only if for every θ ∈ Θ there is nθ ∈ N∗ such that the operator Cθ,nθ(A,B) is
surjective.
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Definition 2.3. The system (A, B) is said to be
(i) stabilizable if there is F ∈ `∞(Θ,B(X,U)) such that the system (A + BF) is uniformly exponentially stable, i.e. there is
ν > 0 such that ‖ΦA+BF (θ, n)‖ ≤ e−νn, for all (θ, n) ∈ Θ × N;
(ii) completely stabilizable if for every ν > 0 there is F ∈ `∞(Θ,B(X,U)) such that the discrete cocycle ΦA+BF associated
with the system (A+ BF) has the property ‖ΦA+BF (θ, n)‖ ≤ e−νn, for all (θ, n) ∈ Θ × N.
In what follows, we will establish the connections between exact controllability and complete stabilizability. To do this,
we need the following technical lemma:
Lemma 2.1. Let V ,W be two Banach spaces such that W is reflexive and let D ∈ B(W , V ). The following assertions hold:
(i) D is surjective if and only if there is c > 0 such that ‖D∗v∗‖ ≥ c‖v∗‖, for all v∗ ∈ V ∗;
(ii) D is surjective if and only if inf‖v∗‖=1 ‖D∗v∗‖ > 0.
Proof. For the proof of (i) see e.g. [5], pp. 207–209. The assertion (ii) immediately follows from (i). 
Theorem 2.1. Let X be a reflexive Banach space. If the discrete cocycleΦA is surjective and the variational control system (A, B)
is completely stabilizable, then (A, B) is exactly controllable.
Proof. Suppose by contrary that the system (A, B) is not exactly controllable. Then, according to Remark 2.4 there exists
θ0 ∈ Θ such that for every n ∈ N∗ the operator Cθ0,n(A,B) is not surjective.
Since ΦA is surjective there is n0 ∈ N∗ such that ΦA(θ0, n0) is surjective. Then, from Lemma 2.1 it follows that there is
c > 0 such that
c‖x∗‖ ≤ ‖ΦA(θ0, n0)∗x∗‖, ∀x∗ ∈ X∗. (2.1)
Let ν > 0. Since the system (A, B) is completely stabilizable there exists F ∈ `∞(Θ,B(X,U)) such that
‖ΦA+BF (θ, n)‖ ≤ e−νn, ∀(θ, n) ∈ Θ × N. (2.2)
Using Remark 2.2 we obtain that
ΦA(θ0, n0)x = ΦA+BF (θ0, n0)x− Cθ0,n0(A,B) Γθ0x, ∀x ∈ X, (2.3)
where Γθ0 : X → `p(N,U), (Γθ0x)(n) = F(σ (θ0, n))ΦA+BF (θ0, n)x. We note that according to relation (2.2), the mapping
Γθ0 is correctly defined. From relations (2.1) and (2.3) we obtain that
c ≤ ‖ΦA(θ0, n0)∗x∗‖ ≤ ‖ΦA+BF (θ0, n0)∗x∗‖ + ‖Γ ∗θ0‖ ‖(Cθ0,n0(A,B) )∗x∗‖
≤ e−νn0 + ‖Γ ∗θ0‖‖(Cθ0,n0(A,B) )∗x∗‖, ∀x∗ ∈ X∗, ‖x∗‖ = 1. (2.4)
Since the operator Cθ0,n0(A,B) is not surjective, from Lemma 2.1 inf‖x∗‖=1 ‖(Cθ0,n0(A,B) )∗x∗‖ = 0. Then, from relation (2.4) it follows
that c ≤ e−νn0 . Taking into account that ν > 0 was arbitrary, we obtain a contradiction. In conclusion, the system (A, B) is
exactly controllable. 
The natural question arises how important are the hypotheses from the main result and whether one of them may be
removed. Complete answers to these questions are given by the following examples.
Example 2.1. Let X be a separable Hilbert space, let U = X and let p ∈ [1,∞). Let {ϕj}j∈N be an orthonormal basis on X .
Setting xj =< x, ϕj >, for all j ∈ N and all x ∈ X , we have that x =∑∞j=0 xjϕj, for all x ∈ X . We consider the operators








Then, we have that Range A = {y ∈ X : ∑∞j=0 e2jy2j < ∞} and Range B = {z ∈ X : ∑∞j=0(j + 1)2z2j < ∞} so
Range A ⊂ Range B $ X .
Let (Θ, d) be a metric space, let A(θ) = A and B(θ) = B, for all θ ∈ Θ . ThenΦ(θ, n) = An, for all (θ, n) ∈ Θ × N.
Let ν > 0 and nν = [ν] + 1. We consider the operator F : X → X, F(x) = −∑[ν]j=0(j + 1)e−jxjϕj. Then A + BF :
X → X, (A + BF)(x) = ∑∞j=nν e−jxjϕj. This implies that ‖A + BF‖ = e−nν < e−ν . So, taking F(θ) = F , for all θ ∈ Θ , we
obtain that the perturbed system (A+BF) has the property that ‖ΦA+BF (θ, n)‖ = ‖(A+BF)n‖ ≤ e−νn, for all (θ, n) ∈ Θ×N.
Taking into account that ν > 0 was arbitrary it follows that the system (A, B) is completely stabilizable.
We observe that Range An = {y ∈ X :∑∞j=0 e2njy2j <∞} so Range An+1 ⊂ Range An ⊂ Range A ⊂ Range B, for all n ∈ N∗.
Then, we deduce that Range C (θ,n)(A,B) = Range B, for all (θ, n) ∈ Θ × N. In particular, it follows that the system (A, B) is not
exactly controllable.
This shows that the surjectivity condition on the discrete cocycleΦA is essential, even in the autonomous case.
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Another interesting question is whether the stabilizability condition from Theorem 2.1 can be replaced with a weaker
one. Precisely, may one replace the hypothesis of complete stabilizability with the hypothesis that the system (A, B) is
stabilizable? The answer is negative, as the following example shows:
Example 2.2. Let X be a separable Hilbert space, let {ϕn}n∈N be an orthonormal basis on X , let U = X and let p ∈ [1,∞).
We consider the operator B : X → X, B(x) =< x, ϕ0 > ϕ0.
Let (Θ, d) be a metric space, let A(θ) = (1/e)I and let B(θ) = B, for all θ ∈ Θ . We have that the system (A, B) is
stabilizable (for instance, taking F = 0) and we observe that the discrete cocycleΦA is surjective. But, for all that, it is easily
checked that the system (A, B) is not exactly controllable.
Remark 2.5. Generally, the converse implication from Theorem 2.1 does not hold. Specifically, the exact controllability of
the system (A, B) does not imply the complete stabilizability of the system (A, B). Moreover, in the next example we shall
prove that the exact controllability of the system (A, B) does not imply the stabilizability of the system (A, B).
Example 2.3. Let X be a separable Hilbert space, let {ϕj}j∈N be an orthonormal basis on X , let U = X and let p ∈ [1,∞). We
denote by xj =< x, ϕj >, for all j ∈ N and x ∈ X . Then x =∑∞j=0 xjϕj, and ‖x‖ = (∑∞j=0 x2j )1/2, for all x ∈ X .
We consider the operators A, B : X → X, A(x) =∑∞j=0 xj+1ϕj, B(x) =∑∞j=1 xjϕj. We observe that A and AB are surjective
operators. Let (Θ, d) be a metric space, let A(θ) = A and let B(θ) = B, for all θ ∈ Θ . Then, for all (θ, n) ∈ Θ ×Nwith n ≥ 2
we have that
C (θ,n)(A,B) u =
n∑
k=1








An−kBu(k− 1), ∀u ∈ `p(N,U).
Since AB is a surjective operator, we deduce that C (θ,n)(A,B) is surjective, for all (θ, n) ∈ Θ×Nwith n ≥ 2. In particular, it follows
that the system (A, B) is exactly controllable.
We prove that (A, B) is not stabilizable. Indeed, suppose by contrary that there is F ∈ `∞(Θ,B(X)) such that the
perturbed system (A + BF) is uniformly exponentially stable. Then there is ν > 0 such that ‖ΦA+BF (θ, n)‖ ≤ e−νn, for
all (θ, n) ∈ Θ × N. In particular, it follows that
‖A+ BF(θ)‖ = ‖ΦA+BF (θ, 1)‖ ≤ e−ν, ∀θ ∈ Θ. (2.5)
On the other hand < (A + BF(θ))(ϕ1), ϕ0 >= 1. Then we deduce that ‖(A + BF(θ))(ϕ1)‖ ≥ 1 = ‖ϕ1‖. Thus we have
that ‖A + BF(θ)‖ ≥ 1, for all θ ∈ Θ . This relation and (2.5) being contradictory, it follows that the system (A, B) is not
stabilizable.
In conclusion, this example shows that even in the autonomous case, the exact controllability does not imply the classical
stabilizability, and consequently exact controllability is not a sufficient condition for the complete stabilizability.
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